Abstract. The stability of approximating the solution of mixed initial-boundary value problems for hyperbolic systems by semidiscrete Galerkin methods is studied.
Galerkin's method in space. In addition, an indication of the physical interpretation of the role of the symmetrizing matrix is provided.
In this work the word stable is used in two contexts. The first usage is common to both the continuous solution and its discrete approximation, and is concerned with stability in time. By definition, stability in time means that the solution is bounded as t -*■ °°. The second usage is in the sense of convergence of the numerical approximation, i.e., as the dimension of the approximating space becomes infinite, the approximate solution converges to the continuous one. (In finite element type approximations, the dimension of the approximating space becoming infinite is equivalent to the grid size going to zero.) The latter usage in this work is referred to simply as stability, while stability in time will always be indicated as such. Because we wish to differentiate between these two types of stability we consider below problems whose continuous solutions are bounded in time so that any unbounded growth in the approximate solution is clearly an instability of the numerical method.
II. The Continuous Problem. In this section the model /--dimensional system with constant coefficients (2. 1) ut=Aux, t>0,0<x<\, which yields no a priori information since not even the sign of the right-hand side is known before the solution u is obtained.
The possibility exists of defining the energy in a different norm. Dupont [4] used such a norm in order to derive a priori error estimates for a particular hyperbolic system of two equations, and it is shown below that the use of this norm is also crucial to the stability of the actual computations.
For a given positive definite symmetric constant matrix E, the E energy is defined to be EE = Vz(«, Eu) so that from (2.1) (2.5) dEE/dt = iu,EAux).
If the system (2.1) is hyperbolic, then there exists a real nonsingular matrix Q such that QAQ~l = A, where A is a diagonal matrix whose diagonal entries are the eigenvalues A-of A. Then it is well known (see Taussky [7] ) that there exists a symmetric positive definite matrix E that symmetrizes A, i.e., EA = ATE. We now wish to relate E to Q, and ascertain the freedom available in choosing E. Consequently we assume, without loss of generality, that Q is chosen so that the entries of A are ordered, i.e., Xj > X2 ^ ' ' " ^ \-Multiple eigenvalues are then grouped together, and it is easy to verify that
where D is a symmetric positive definite block diagonal matrix whose rth block has dimension equal to the multiplicity of that eigenvalue of A which appears in the corresponding position in A. Other than the above restrictions, the nonzero entries of D are arbitrary. Now, substituting (2.6) into (2.5) yields (2.7) dEE/dt =foiwTDAwx)dx = V2WTit, x)DAw(t, x)|£oe0, where w = Qu, the vector of characteristic dependent variables for the system (2.1).
With the X's ordered as above, they are also ordered so that Xx, . . . , Xp are positive and X +,,..., Xr are negative. Then A, D, and w can be partitioned in the following manner A ijAj = diag(X,, . . . ,\p),
where wx and w2 are vectors of dimension p and q = r -p, respectively. Then (2.7)
can be written as
Furthermore, well-posed linear homogeneous boundary data can always be written as (2.9) w2(t, 0) = S2wxit, 0), wxit, 1) = Sxw2it, 1),
where Sx and S2 are matrices of dimension q x p and p x q, respectively. The data (2.9) is chosen to be homogeneous so that the solution of the system (2.1) is driven by the initial data. In addition, Sx and S2 are restricted below so that the E energy is bounded by the initial E energy. Substituting into (2.8) yields dEF 2 IF = W2(í' 1} [5íDiAi5i ~D2A2]w2it, 1)
•r7"' (2.10) + w\(t, OM-DjAj + S^D2A2S2]wx(t, 0).
If the E energy is to be conserved, i.e., dEE/dt = 0 for any wx and w2 then necessarily (2.11) S\DXAXSX -D2A2 = 0 and SÎD2A2S2 ~DXAX = 0. To summarize, for the general homogeneous boundary data (2.9) the E energy is conserved only if: (1) A has an equal number of positive and negative eigenvalues, which trivially implies that; (2) A must be of even dimension; and (3) the matrices Sj and S2, which are square and of dimension (r/2), must be expressible as Sx =<t>-x1Vx<£2 and S2=^1V2<i>1, where <I>1 and <ï>2 are arbitrary block diagonal symmetric positive definite matrices (whose block structure is that of Dx and D2, respectively), and Vx and V2 are orthogonal matrices of dimension (r/2); which also implies that (4) Sx and 52 are nonsingular. In particular, if the eigenvalues of A are distinct, then D and therefore Dx, D2, 4>j and 4>2 are diagonal matrices.
For r = 2, the above conditions imply that the scalars Sx and S2 are not zero and in fact IS,^! = 1. Then, choosing <p2 = l^^j will result in the conservation of E energy. For general dimension r, the boundary matrices Sx and S2 and coefficient matrices A for which the above four conditions are satisfied form a very restricted set. We consider next when the E energy is bounded by the initial E energy, i.e.
(2-12) dEE/dt<0. First, consider the pure "supersonic" case in which p = 0 and q = r. Then (2.9) and (2.10) reduce to w2(t, 0) = 0 and dEE/dt = -xhw[it, \)D2A2w2(t, 1), respectively, since the dimension of wx is zero. Then for any positive diagonal matrix D2, (2.12) holds. Of course, this is a special case of prescribing purely characteristic data, i.e., Sx = S2 = 0 for which any arbitrary positive diagonal matrices Dx and D2 will yield (2.12). Of more interest is when the data at x = 1 is characteristic but the data at x =-0 is not, i.e., Sx = 0 but 52 =£ 0. In this case only the second matrix of (2.13) need be examined and by choosing the elements of Dx large enough and the elements of D2 small enough, (2.12) can be satisfied.
We observe that whenever Dx and D2 are arbitrary, as in two of the cases above, then the role of the E matrix is purely that of a symmetrizer. Then if A itself is symmetric, Q can be chosen to be orthogonal, i.e., QQT = / so that choosing D = I yields E = I. A further observation is that if any characteristic data is prescribed, say at x = 1, then Sx is singular; and therefore, the E energy cannot be conserved.
If the E energy can be bounded by the initial E energy, (u, Eu)<iu,Eu) \t=Q, then the E matrix can be used to obtain a priori bounds on the L2 energy since with E positive definite Substituting (2.17) in the system, (2.1) with A given by (2.3) yields:
(2.18) *« + 2"*"+^"-*,, = 0, which is a Galilean transformation of the wave equation. Then, from (2.18) = ^Jo 2 [(*')2 + ° " "2>^)21 dx + "^f)2|o + ("* -DW,lS.
Using (2.4) and (2.17) to evaluate the boundary contributions yields
Again using (2.17), it is obvious that (2.16) and (2.19) are identical. Therefore the E energy for the system (2.1) is the usual energy for (2.18).
III. Approximate Solution by Semidiscrete Galerkin Methods. Define the weak solution of the system (2.1) as that u which satisfies
for all v in an appropriate test space and define the weak solution in the E inner product as that u which satisfies
Since E is symmetric, this is equivalent to
Therefore, the effect of the symmetrizing matrix E may be interpreted as either changing the trial function from v to Ev or as premultiplying the system (2.1).
An approximate solution for u is to be found by the use of Galerkin's method.
The method is presented for the case of (2.1) consisting of two equations, i.e.,
The generalization to higher dimensions is discussed below. In addition, u is assumed to satisfy the boundary data (2.4). This particular set of boundary data is chosen so that the E energy is conserved which is accomplished by choosing
where a is a positive constant and then
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use (3.4) This clearly marks any unbounded growth in the numerical solution to be an instability of the numerical method. For more general boundary data, the system (2.1) can have exponentially growing solutions and still be well posed (in the sense of Kreiss [6] ). This makes it difficult to separate growths due to instabilities of the numerical scheme from those which are due to the time instability of the continuous solution. A further reason for choosing the data (2.4) is that it will adequately display some of the pitfalls encountered in applying Galerkin's method to the system (2.1). In particular, the important role of the matrix E in the computational method will be evident. First, it is assumed that u can be approximated by /«?\ » AM so that (with aX2 = a2x) K4 = ~K3, Kx is skew symmetric and K4 is skew symmetric except for the two nonzero diagonal entries (a22&00) and ia22knn). Then K itself is skew symmetric except for the two nonzero diagonal elements of K4.
For the system (3.10), the stability in time is determined by the eigenvalues X of (3.12) \My=Ky.
The eigenvalues of (3.12) were computed for the special case of A given by (2.3) where the basis functions <pXx) were chosen to be cubic 5-splines on a uniform mesh. Computations were performed for various values of n ranging from 5 to 100. The computational results show that:
1. The eigenvalues of K have zero real part.
2. (2« -4) eigenvalues of (3.12) have zero real part, 2 have negative real part, and 2 have positive real part.
3. If h is the mesh size, then the real parts of the eigenvalues with positive real part grow as \/h as ft tends to zero.
From this it can be concluded that the solution of (3.10) will grow as exp {nt/h} as t increases, where k is a positive constant. This growth is clearly an instability of the numerical scheme since the continuous solution is bounded in time due to its conserved E energy and (2.14). Also, note that as h tends to zero, the instability in time is intensified.
Since these computational results indicate that for a representative approximation space the obvious Galerkin scheme considered above yields an unstable (in time) approximation to the solution of (2.1), this scheme is now abandoned. However, before proceeding to a different scheme, there are a few observations to be made.
First, the reason that the above scheme is unstable is the manner in which the boundary is being treated. This is made clear by observing that the right-hand side of (3.13) K(UTMU)t = UT(K + KT)U = a22 [k00c2it) + knnc2nit)} involves terms which are affected by the boundary. In fact, from (3.5) one immediately deduces that
c0it) ä u2it, O)/0O(O) and cn(t) « u2(U)/0"(l)
so that c0 and cn are clearly boundary terms.
A second observation is to note that the scheme considered in this section is stable in time for the wave equation. In fact, whenever al2 = a2l and a22 =0, K4 = 0 so that K is skew symmetric. Then from (3.13) the M energy is bounded by the initial M energy, i.e. iUTMU)t = 0. Therefore, so long as \\M\\ and ||A/"-1|l are bounded as h tends to zero (which is shown in the Appendix), the method discussed in this section is stable for a22 = 0 and the boundary data (2.4). (The norm ||-|| is assumed to be the Euclidean norm.)
IV. The Galerkin Scheme Using the E Matrix. As was pointed out in Section III, the role of the E matrix in the search for weak solutions of (2.1) may be interpreted in two ways. Of course, this dual role extends to the role of E in the Galerkin approximation. Therefore, after approximating u by (3.5), one may choose vh as in Section HI and substitute into (3.2b) or alternately one may choose {Evh} to be the trial space and substitute into (3.2a). The trial space {Evh} is spanned by where a and (3 are defined in (3.4). Clearly M is symmetric and, using (3.11), K is skew symmetric. Note that the symmetry of E is necessary for M to be symmetric, and that K is skew symmetric because EA is symmetric and has a zero element in the lower right-hand corner (see (3.4) ). This shows how the properties of E enter into the matrices appearing in the differential system (4.2). The fact that E is positive definite is used in the Appendix to show that M is also positive definite.
The discrete M energy of the solution of the system (4.2) is conserved since ilFMU)t = UT(K +KT)U=0, due to the skew symmetry of K. Therefore, if \\M\\ and ||M_1|I are bounded as the dimension of the approximating space becomes infinite, then the approximation U to « is a stable one. The question of bounding ||M|| and ||Af-* || is discussed in the Appendix.
It is interesting to note that when M is symmetric and positive definite and K is skew symmetric, then the eigenvalues X of (4.3) XMy = Ky are pure imaginary since X is also an eigenvalue of M~VlKM~Vl which is a skew symmetric matrix. The Galerkin method presented in this section therefore yields a stable approximation U to the solution u of (2.1). It is important to note that the E matrix plays a crucial role in this method, as it did in obtaining bounds on the continuous energy.
From the results concerning the method presented in Section III, it is seen that it is essential that the E matrix be used in the computations.
The matrix M, and therefore E, is intimately related to the Lyapunov stability theory for the system of ordinary differential equations (4.2). In the Lyapunov theory, one seeks a positive definite symmetric matrix H such that in the H norm, the energy can be bounded. In fact, for the system (4.2), which results from imposing the homogeneous boundary data (2.4), one actually seeks an H such that the H energy is conserved. This leads to the matrix problem HiM~lK) + (KTM-l)H = 0, which obviously has the solution H = M. Therefore, the matrix M is precisely the Lyapunov matrix for the system (4.2).
The Galerkin method presented above suffers from the serious drawback that M License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use is considerably less sparse than M. Even if the unknowns are reordered so that the c;'s and bfs interleave, the bandwidth of M will be double that of M. This drawback is greatly alleviated by the method considered below.
The Galerkin Scheme Using E at the Boundary. Consider the trial space spanned by W), Í Vo), /= i,...,«-i, (4.4) M J0,(jt), / = 0 and n.
V22/
Clearly, the vectors (4.4) also span {Evh} and therefore may be used instead of (4.1) in (3.2a). However, note that for / =é 0 and / # n, the basis vectors (4.4) are identical to those used in Section III.
Choosing This also shows that the Lyapunov matrix for the system (4.5) is again M.
The role of E is, therefore, crucial to the computation only at the boundary;
and E need be applied only there. This last Galerkin method is identical to the unstable method presented in Section III except for the treatment of the boundary, so once again it is evident that the stability of the Galerkin scheme is dependent on a correct treatment of the boundary. This is also clear from observing that the basis vectors (3.7) are not linear combinations of (4.1) as are the basis vectors (4.4). A further observation is that the matrix M is only slightly less sparse than M. In fact, M and M are identical except for the nth and 2nth rows. On the other hand, M has approximately twice as many nonzero entries as does M.
The final step in proving the stability of either of the Galerkin schemes considered in this section is the bounding of ||A/|| and ||M_1|I-This question is considered in the Appendix.
The mechanical construction of the above numerical methods extend in a straightforward manner from two to higher dimensions. In addition, the generalization to the general boundary data (2.9) is also easily accomplished, especially if the system (2.1) is transformed to the diagonal (or characteristic) form wt = Awx before the Galerkin methods are applied. However, the above stability analysis does not generalize so easily, especially when the E energy is not conserved but is merely bounded by the initial E energy. Part of the difficulty is finding an M norm for which, as the case may be, the discrete M energy is conserved or is bounded by the initial M energy.
This difficulty is analogous to the search for the corresponding E matrix in the continuous problem. An additional difficulty in the case of the E energy being merely bounded is that since the search for the M matrix is aimed at bounding the M energy by its initial value, the Lyapunov matrix H is now required to make H(M~lK) + (KTM~l)H negative semidefinite. This, of course, is not a trivial extension of the analysis of Sections HI and IV. However, the rather specialized example treated in those sections clearly shows how essential the proper treatment of the boundary is to the stability of Galerkin solutions of hyperbolic systems.
Appendix-Properties of the Matrices M, M and M. In Section IV it was required that ||Af || and \\M~X1| be bounded. This problem for M can be reduced to the equivalent problem for M as follows. From (4.9), M = RM. Furthermore, by comparing The matrix M is defined by (3.9); and therefore, ||Af || will depend on the choice of interpolating space. If the 0.'s are orthonormal, then M = I so that \\M\\ = \\M~X \\ = I; and trivially these norms are bounded by constants independent of n.
The Galerkin approximation can be accomplished by the use of finite elements.
Then typically the basis functions <pAx) are polynomials with compact support which in turn results in the Gram matrices Mx and M2 being banded. Furthermore, Mx and M2 can be assembled from element mass matrices. Following Fried [5] , it can be shown that ÀmaxW<X^max and XminW > ^min -where jumax and umin are the largest and smallest eigenvalues of the element mass matrices, respectively, and s is the maximum number of nonzero elements in a row of M. In general, s is independent of n. The elements of M are proportional to n ~ 1/n, the measure of the grid size. However, this h scales the whole matrix M (and also M and M) and dividing equations such as (3.10), (4.2), and (4.5) by h scales the K matrices by 1/n.
This does not affect any of the results of Sections III and IV, but does make umax and wmin independent of n, and therefore Xmax and Xmin can be bounded from above and below, respectively, by positive constants which are independent of n. Then since M is symmetric, ||Af|| and ||M_1|I are bounded by positive constants which are independent of n, and then by (A.4), the same is true for ||Af|| and ||A/_1||.
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